Abstract. In this paper we generalize the Log-Euclidean polyaffine registration framework of Arsigny et al.
Introduction
Image registration is the determination of a geometric transformation that maps one image into another, aligning objects in both images. Registration within medical imaging is of particular interest [2] . Methods proposed within this field have been classified as frame-based, landmark-based, surface-based, and intensitybased. With respect to the geometrical transformation, methods can be either rigid (only rotations and translations) [3] , non-rigid (including scaling, affine transformations, projections and perspective) [4] and elastic transformations [5] . The latter are widely used since local features can be matched while continuity and smoothness in the transformation is maintained.
Very few methods have been proposed in the literature to register images including articulated structures. That is the case for medical images including bones for which rigid transformations are required, but also including surrounding soft tissues for which elastic registration should be used. Papademetris et al. [6] combine several rigid transformations of joints for lower-limb mouse images, obtaining a continuous overall transformation. Baiker et al. [7] propose a 3D hierarchical anatomical model in mice skeletal systems. Li et al. [8] propose an algorithm to register whole-body inter-subject volumes for mice and humans. They register the bone structures and then this transformation is refined for the other tissues. du Bois d'Aische et al. [9] , present an articulated registration method for the spine column, based on the finite elements method for the elastic deformation outside rigid structures. No invertibility study for these methods, nor an evaluation of the sensitivity of the results with respect to the weighting functions used to fuse the set of rigid transformations are presented.
Arsigny et al. [10] propose a method in which local rigid or affine transformations are combined in a way that the overall transformation is invertible. This is a very important property of the searched transformation. They applied their method to the registration of histological images, arguing that it could also be used for articulated structures. In [1] , the authors propose a Log-Euclidean polyaffine transformation approach where its inverse is always guaranteed, being this inverse another Log-Euclidean polyaffine transformation. The authors present a method to merge several affine transformations using normalized weighting functions. Their work focuses on the determination of the global transformation with special stationary properties which provides its invertibility. In [11] , the authors proposed Gaussian weights for the regions of influence, where each weight is obtained by means of a mixture of Gaussians placed at some anchor points. In [4] , a general framework for articulated registration of images with an inner bonny structure which guarantees exact registration in bone axes while allowing smooth transformation of soft tissues is presented. We propose an iterative process to obtain weights guaranteeing this condition, but no study of the invertibility of overall transformation was performed.
In this paper we generalize the Arsigny et al. [1] Log-Euclidean polyaffine transformation scheme. This scheme guarantees the invertibility of the transformation. However, it cannot be applied directly to articulated registration problems as the affine transformations have to be defined in pairs of landmarks. In the case of articulated registration, each rigid structure is modeled as a wire, and the affine transformation should be applied to pairs of wires. Thus, we propose a generalization of this Log-Euclidean polyaffine transformation to deal with affine wire transformations. This new framework is able to tackle articulated structures such as the bone age assessment problem presented in [4] . We also evaluate the influence of the weighting functions, needed to merge the affine transformations, both in the registration results and in the invertibility of the transformation.
The paper is structured as follows. In section 2 we review articulated registration as well as Log-Euclidean polyaffine registration. We also present novel weighting functions to deal with articulated structures within this polyaffine framework. In section 3 we present several experiments, making a brief discussion about the achieved results. Finally, in section 4 we give some conclusions.
Method

Articulated Registration
Let us briefly recall the articulated registration framework, described in [4] . The method is a landmark-based elastic registration procedure for anatomical structures that bears an inner skeleton, such as the hand bones. The inner bone skeleton is modeled with a wire model, where wires are drawn by connecting landmarks located in the main joints of the skeletal structure to be registered (long bones). The main feature of this registration method is that it allows to perform affine and elastic transformations on the same image. In this way, in points corresponding to the bone axes (specifically, where the wires are located) an exact registration is guaranteed, while for the remaining image points an elastic registration is carried out. Fig. 1(a) and Fig. 1(b) show landmarks superimposed on two radiographs. A wire model is built by joining with straight segments (rods) every pair of consecutive landmarks in each finger, following bones axes, as shown in Fig. 1(c) .
After obtaining an affine transformation matrix M i for each rod, R i , in the model, in order to calculate the final articulated transformation, a weighting of all the transformations is made, with w i (x, y) a measure of how the transformation of R i influences pixel (x, y) in the image. These weights are function of the distance of each image pixel to the rod. This operation can be expressed in homogeneous coordinates as
where (u, v) and (x, y) are the Cartesian coordinates of each pixel in the moving image before (input space) and after (output space) the transformation. To obtain the elastic -articulated-transformation it must satisfy the following conditions [4] (numbered for future reference). (1) the transformation must be affine for pixels nearby the wires, therefore in pixels on rod R i , the weight w i (x, y) corresponding to the i-th rod transformation must have a value (3) in order to obtain a smooth transformation in points (x, y) far from the rods, the weight w i (x, y) should be defined in inverse proportion with the distance d i (x, y) of that pixel to rod R i . (4) the sum of all the weights in each pixel (x, y) must be unity. To satisfy this last condition, it is enough to normalize, pixelwise, each weight with the sum of all of them.
Log-Euclidean Polyaffine Registration
In [1] , the authors extend some previous works [10, 11] dealing with polyaffine transformation, a mixture of locally affine transformation which fuses to a globally elastic transformation, proposing a Log-Euclidean polyaffine framework for registration. In particular, in [1] , they proof that the transformation is invertible, being this inverse a new polyaffine transformation. In addition, they show that the transformation is invariant with respect to coordinate system. This two properties are very desirable in general for the registration of medical images.
The Log-Euclidean polyaffine transformation is proposed as the solution of the ordinary differential equation
The solution of this equation is always well-defined. The transformed value is given by integrating this equation between 0 and 1 with initial condition the starting point. In case the weights are constant, the solution is exp i log(M i ), i.e. the Log-Euclidean mean of the components. The solution of this equation has very remarkable properties [1] . The implementation is given by means of the fast polyaffine transform. The speed V (x) is scaled by 2 N (infinitesimal deformation), then a exponentiation is carried out (approximation) and the solution is given by means of N squarings (N compositions of the infinitesimal solution). The solution of the infinitesimal equation is approximated by
and then N compositions (squarings) of this transformation is the approximate solution for the Log-Euclidean polyaffine transformation.
Weights Definitions
We propose different weight definitions suited for articulated registration that can be used within the Log-Euclidean framework presented in section 2.2. All the weighting functions depend on the distance d i (x, y) of each pixel (x, y) to each rod R i . We recall to conditions (1)-(4) defined in section 2.1. Arsigny et al. [11] modeled weights as a mixture of Gaussians located at several anchor points considered as representative of each region. In our case, the representative points of each region are the points on the rod, so we have generalized the Gaussian model to depend on the distance map of each rod, d i (x, y) with mean 0 and standard deviation σ i , so that weight is maximum in rod pixels, and decays with distance to it. These weights are defined as x, y) ), where G (a,σ) is a Gaussian function with mean a and standard deviation σ. These weights satisfy conditions (3) and (4) after normalization, but conditions (1) and (2) are not satisfied as a Gaussian is only zero at an infinite distance.
In [12] we proposed a set of weights. These weights, after an iterative process, satisfy approximately all the conditions (1)-(4). Initial weights w b i,0 (x, y) are calculated as a distance transform, with a value of 1 on the rod and 0 at an infinite distance from it, by means of
where sigm(·) is a sigmoid function, which smooths the slope of the weight map near the wire. Finally weights are normalize to satisfy condition (4) using w
where M is the total number of iteration steps. We present here three new weight models that satisfy conditions (1)- (4) by definition, without the need of an iterative process
with N the number of rods. These three weights, w 
Results and Discussion
We have applied the articulated registration with the Log-Euclidean polyaffine framework to the synthetic images shown in Fig. 2 , using all the weights defined in section 2.3. The weight maps for the horizontal rod, R 2 , are shown in Fig. 3 . It can be observed that w a 2 does not satisfy conditions (1) and (2) (b) Moving image.
Fig. 2.
Synthetic images with wire models superimposed in red and landmarks in blue Finally, we have applied the method to five different hand radiographs which have been registered using image shown in Fig.1(a) as fixed image. N = 6 squaring steps are also employed. Table 1 shows numerical results of Mutual Information (MI) obtained for direct and inverse registration. 
Conclusions
We have generalized the Log-Euclidean polyaffine registration framework to articulated structures and compared different weight definitions. From the results obtained we can conclude that Gaussian weights, w a i , do not guarantee the rigidity and accuracy of the transformations in the bonny skeleton, while all the others do. Numerical and graphical results confirm that w e i outperforms the other weights in direct and inverse transformations.
